
Executive summary
This report discusses the hardware implementation of “eigenvalue decomposition”. Eigenvalue decomposition 
is used in a wide range of applications for imaging, communication and audio such as image recognition using 
KL conversion, high-speed communication using MIMO antenna, and electric/sound wave arrival direction 
estimation using MUSIC method.

It is expected that more than four antennas will be required in many cases for future MIMO communications 
and electric wave arrival direction estimation with MUSIC method applications. With four antennas, the matrix 
size will be 4x4 with complex numbers and the computational load will be increased, so we were interested in 
verifying whether the method to obtain eigenvalues directly from the eigenvalue equation was reasonable or 
not. Therefore, we developed two effective algorithms in ANSI C++ to obtain eigenvalues and synthesized 
them with Catapult® to compare the area versus the number of cycles at the algorithm level, respectively.
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Today, a 3x3 complex number matrix for up to three 
antennas is typical for MIMO communications and QR 
decomposition using CORDIC is applied, often used in the 
beam-forming method calculation for adaptive array 
antennas. Although the CORDIC method can perform 
trigonometric functions and square-root extraction with 
just add and subtract, it requires a table of constants 
stored in memory. In addition, a sufficient size of memory 
is required to ensure accuracy.

In this report, a use of four antennas which requires 4x4 
complex number matrices, is assumed. Since the calcula-
tion volume will be significantly larger than that of 3x3 
matrix, we assume that the conventional CORDIC method 
will not be used for accuracy reasons. This is especially 
true with mobile communications in which CSI (Channel 
State Information) changes every moment, accuracy 
degradation affects communication quality. Therefore, 
Toshiba Information Systems having developed QR 
decomposition using usual arithmetic operators and the 
method using eigenequation, wanted to estimate the 
hardware results from both algorithms and compared 
them at a very early stage in the design cycle. We also 
decided to incorporate Catapult into our flow to automati-
cally generate RTL from the C++ description. Hand coding 
the RTL for this evaluation would have taken months of 
time compared to just days using Catapult.

The algorithm used for eigenvalue decomposition is 
shown in Figure 1. It generates a correlation matrix from 
the input data, applies Householder transformation (mir-
ror transformation) to tri-diagonalize the correlation 
matrix and increase zero elements. These  zero elements 
significantly reduce the calculation volume for the next 
algorithms (QR decomposition or eigenequation) to 
obtain eigenvalues. Finally, it calculates eigenvectors 
from eigenvalues using LU decomposition.

QR decomposition is a method to obtain eigenvalues by 
fast tri-diagonalization of symmetric matrices. The 
method of eigenequation generates the characteristic 
equation (DET) and calculates the root from this DET to 
obtain the eigenvalues.

Figure 1: Proposed eigenvalue decomposition algorithm (either QR decompo-
sition or eigenequation can be selected for obtaining the eigenvalue).

Application of Catapult

The algorithm used for eigenvalue decomposition is 
shown in Figure 1. It generates a correlation matrix from 
the input data, applies Householder transformation (mir-
ror transformation) to tri-diagonalize the correlation 
matrix and increase zero elements. These  zero elements 
significantly reduce the calculation  volume for the next 
algorithms (QR decomposition or eigenequation) to 
obtain eigenvalues. Finally, it calculates eigenvectors 
from eigenvalues using LU decomposition.

QR decomposition is a method to obtain eigenvalues by 
fast tri-diagonalization of symmetric matrices. The 
method of eigenequation generates the characteristic 
equation (DET) and calculates the root from this DET to 
obtain the eigenvalues.
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Figure 2 shows details of the eigenvalue decomposition 
algorithm. QR decomposition repetitively obtains eigen-
values until the values other than the diagonal compo-
nents in tri-diagonal matrix from Householder transforma-
tion becomes zero. The number of calculation cycles 
depends on this convergence to zero. On the other hand, 
for the eigenequation, the key is the method to derive the 
root (eigenvalue) from a high-degree polynomial 
equation.

We developed solutions in C++ to address these issues of 
convergence to zero in QR decomposition and also for the 
high degree polynomial equation for eigenequation 
respectively, and synthesized them using Catapult. The 
target matrix is a 4x4 Hermitian matrix (conjugate com-
plex number symmetric matrix).

These algorithms perform enormous amounts of multipli-
cation, square-root extraction and division and consume 
significant calculation resources. We have decided to 
make area minimization the priority for this hardware 
implementation. The synthesis results from Catapult are 
described in the next section.

We used Stratix II EP2S180 FPGA as the target hardware 
for synthesis. The area can be determined from the num-
ber of ALUTs (Active LookUp Tables). Stratix II EP2S18 has 
143,520 ALUTs and the nominal equivalent ASIC gate size 
is 3.6 million gates.

Figure 3 shows the synthesis results optimized for area 
for the method of eigenequation and QR decomposition 
for different settings of Catapult. These settings include 
loop unroll, merge and pipelining, but the settings and 
results vary depending on the C++ source, that we will 
not discuss here, but in summary, the conditions were as 
follows:

 Setting 1: Input bit width 24

 Setting 2: Input bit width 14

 Setting 3:  Replace (a part of) Array register in  
Condition 2 to single port RAM

  Figure 3: Area for different settings (number of ALUTs) @ 50MHz

Figure 2: Details of the eigenvalue decomposition algorithm.
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Figure 4 shows the comparison of calculation cycles for 
different settings. Setting 1 generates a slightly larger 
number of cycles because the input bit width is as large as 
24, but the results are mostly at the same level. In other 
words, we can set it to reduce area, while not increasing 
the number of cycles at the same time.

As summarized in Table 1, the difference between the 
smallest area for eigenequation and QR decomposition is 
38%; they are only 5% different in terms of cycles. This 
evaluation using Catapult leads us to choose a “method of 
eigenequation”. However, there are cases in which we 
can reduce the estimated number of cycles by applying 
parallel processing settings (loop unroll, no resource 
sharing, etc.). However, FPGA frequency cannot be 
improved and this creates a dilemma.

The relationship of cycles and the maximum operation 
frequency in Catapult is also a very interesting topic and 
we hope to report on this in the near future.

C DESCRIPTION FOR ALGORITHMIC  
SYNTHESIS USING CATAPULT
Increased use of loop processing in C++ description pro-
duces better result. For parallel behavior and resource 
sharing, better results were obtained by letting Catapult 
handle them. We have tried to describe it in a way we 
thought is easier to infer parallel processing. Although the 
resulting hardware was indeed placed in parallel, the 
processing flow seemed to be serial instead of parallel. 
The following are two examples of improving description.

Table 1: Number of cycles for the smallest area result for the method of eigenequation and QR decomposition (@ 50MHz)

Eigenequation (Setting 2) QR Decomposition (Setting 3) Difference

Smallest Area (ALUT) 4, 231 3, 062 1, 169 (38%)

Cycles 13, 143 13, 900 757 (5%)

  Figure 4: Number of cycles for different settings 
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At first, we described a calculation like the one shown 
below, assuming it would be easier for the synthesis 
engine. However, the synthesis generated multipliers in 
parallel for the number of equations, resulting in a very 
large area. Therefore we changed it to use loop to explic-
itly specify sharing so that the multiplier will be only used 
once, as shown in Description 2.

By rewriting the above example, the area was reduced to 
1/10th the size, but the number of cycles for Description 1 
and 2 remained the same. We suspect that although it 
placed multipliers in parallel from Description 1, the 
processing was actually performed serially. We then tried 
using operator-sharing settings in Catapult on Description 
1, but the area reduction was only on half the original 
size.

f0 = (A4*X0*X0*X0*X0) + (A3*X0*X0*X0) + (A2*X0*X0) + (A1*X0) + A0;

Description 1

:
a[4]=A4;
 a[3]=A3;
 a[2]=A2;
 a[1]=A1;
 a[0]=A0;
 for(i=0;i<5;i++){
    b[i]=0;
 }
 b[0]=a[0];
 for(k=1;k<5;k++){
    for(i=0;i<k;i++){
        b[k]=a[k]*X0;
        a[k]=b[k];
    }
 }
 f0=b[4]+b[3]+b[2]+b[1]+b[0];
        :

Description 2

Calculation description
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Function calls
As shown in Description 3, we described function calls as 
calls are made, a total of nine times. Sometimes there are 
data dependencies among these nine functions. Synthesis 
appears to have placed the nine same functions, resulting 
in a very large area.

 
By changing this to a sequential call method as shown in 
Description 4, the area was significantly reduced com-
pared to the result of Description 3, while the number of 
cycles did not change much.

// ------ Eigen Equ ----------------------
// ------------ EIGENEQ1 -------------
  EIGENEQ( (ac_fixed<SEI+SYO,SEI,true,AC_RND_CONV,   
  AC_SAT>)0,
 (ac_fixed<SEI_3+SYO_3,SEI_3,true,AC_RND_CONV,  
              AC_SAT>
   :
  :
  :
// ------------ EIGENEQ9 -------------
   EIGENEQ( (ac_fixed<SEI+SYO,SEI,true,AC_RND_CONV, 
   AC_SAT>)1,
         A3, A2, A1, A0,
         nibun5_X, (ac_fixed<SEI_3+SYO_3,SEI_3,true,AC_RND_
         CONV, AC_SAT)

Description 3

//EIGENEQ yobidasi
  for(i=0;i<9;i++){
     if(i==0){
       a=0;
       b=0;
       c=A4_6;
       d=A3_3;
   :
   : 

     else{
       a=1;
       b=A3;
       c=A2;
       d=A1;
       e=A0;
    }
    EIGENEQ(a,b,c,d,e,f,g,&h[i],nibun_loop);
}

Description 4
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The table below shows the implementation result of 
method of eigenvalue and QR decomposition at 50MHz 
for Altera’s Stratix II EP2S180F1020C3.

For both methods of eigenequation and QR decomposi-
tion, the estimation given by Catapult is about almost 
twice as much larger than the FPGA implementation 
results. Although the estimated gate count is larger, this 
is fine for the purpose of estimation, because this is a 
relative comparison between eigenequation and QR 
decomposition.

The operating frequencies are almost accurate. With area 
optimization, QR decomposition yields smaller area and 
about a 6 MHz faster result than eigenequation. This 
result contradicts with the eigenequation deduction using 
fewer divisions, but it seems that the area reduction is 
easier with the regularity that QR decomposition algo-
rithm offers.

For the equivalent ASIC gate size comparison, we found 
the difference to be around 30K gates between the 
algorithms.

Table 2: Comparison of Catapult estimation and FPGA implementation results

Method of Eigenequation QR Decomposition

Synthesis / Implementation Catapult FPGA Catapult FPGA

ALTUS 8, 923 4, 231 6, 081 3, 062

Max Operating Frequency 50HZ 52MHz 50MHz 58MHz

Table 3: Equivalent ASIC gate size comparison

Method of 
Eigenequation QR Decomposition

106K gates 77K gates

Implementation results
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For eigenvalue decomposition circuit design, we have 
applied the method of eigenequation and QR decomposi-
tion to a 4x4 Hermitian matrix to compare the implemen-
tation results. Starting from the most abstract algorithm 
level, we have experimented with RTL generation from 
C++ down to the hardware implementation while search-
ing for the best solution for the circuit, all within 5 days as 
opposed to taking weeks or months if we were handcod-
ing the RTL. It is overwhelming to even consider writing 
two versions of RTL with several hundred thousand logic 
gates and to experiment with multiple changes of circuit 
architecture. It is astounding to us how quickly Catapult 
can generate RTL with ease.

This comparison of Catapult results from ANSI C++ was 
interesting. Initially, we thought that the method of 
eigenequation would yield several thousand gates smaller 
result than QR decomposition, as these two use similar 
number of resource calculation involving DSP processing, 
but the method of eigenequation requires less divisions. 
However, to our surprise, the FPGA implementation has 
shown QR decomposition result to be as small as 30K 
gates_Equivalent ASIC size_, with a 6 MHz operation 
frequency improvement. In the beginning, we had a gut 
feeling that eigenequation will be superior in both area 
and operational frequency. But it turns out that QR 
decomposition generates better area in addition to faster 
operation frequency. If you look at Figure 3, for Settings 1 
and 2 the area is better with eigenequation as expected. 
But if we go one step further to provide Setting 3, the 
result is reversed. If we were using hand-coded RTL, the 
attempt would have ended at Setting 2 and we would 
have chosen eigenequation. By using Catpult C Synthesis, 
we were able to go one step further and that lead to 
algorithm to RTL optimization of area. Catapult enabled 
us to clearly evaluate this kind of implementation level 
results at the algorithm phase, much earlier in the design 
process.

Future considerations for Catapult may include how to 
implement parallel behavior. With the code we used for 
this project, even though it placed the number of hard-
ware resources according to the C description and con-
suming large area, its behavior looked like it was actually 
performing serial processes. Consequently, we changed 
the description to make resource sharing easier to infer, 
and reduced the area. This assumption should be correct 
because the number of cycles did not change significantly 
before and after the change. In our opinion, Catapult still 
has a potential to improve the results even more.

As communication speed increases, we will need to han-
dle problems larger than 4x4 Hermitian matrix. And 
because of the ever-increasing size of image processing, 
eigenvalue decomposition for 256x256 to 1024x1024 
matrix will be common. Therefore, we will continue to 
explore algorithms to reduce area and cycles for eigen-
value decomposition circuit. Catapult will be a great asset 
when tackling these challenges.

Summary
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